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The Casimir eect is considered for a wedge with opening angle α,
with perfectly conducting walls, when the interior region is lled with an
isotropic and nondispersive medium with permittivity  and permeability
µ. The electromagnetic energy-momentum tensor in the bulk is calcu-
lated, together with the surface stress on the walls. A discussion is given




The wedge geometry is an attractive system to study in connection with the
Casimir eect, since the geometry is nontrivial enough to exhibit the essentials of
phenomenological quantum eld theory in continuous media, and yet so simple
that it avoids the formal divergences that so often plague specic calculations
once curved boundaries are present. An additional bonus from considering a
system of this kind is that one experiences an interesting formal analogy with
the theory of a straight cosmic string.
In this paper we will consider the Casimir theory of a wedge-shaped region of
opening angle α, when the walls located at angles θ = 0 and θ = α are perfectly
conducting, and the interior region 0 < θ < α is lled with a homogeneous
and isotropic dielectric medium of constant permittivity  and permeability µ.
Figure 1 shows the geometry. The cusp is at the origin.
The present paper is a generalization of earlier work [1], in which the interior
volume was taken to be a vacuum, and is also closely related to Ref. [2]. As
for references to the earlier literature, we mention those listed in [1] and [2].
We may only recall here that our formalism is based upon Schwinger’s source
theory, as developed for the strongly related case of cylindrical geometry in [3]
and [4], and is related to the general formalism given in Stratton’s book [5]. A
somewhat dierent approach is followed by Mostepanenko and Trunov in their
book [6]; their Section 2.3 treats the specic wedge geometry in the vacuum
case.
We ought to point out that the formulation of Casimir theory to include
material properties in the bulk does not imply merely an almost trivial input of
factors  and µ. The phenomenological electrodynamics is generally quite dier-
ent from electrodynamics in a vacuum. In particular, the four-momentum of a
photon in a medium as constructed on basis of Minkowski’s energy-momentum
tensor - or equivalently from the Hamiltonian approach - is spacelike, so it is
possible to make the electrodynamic eld energy negative by means of a Lorentz
transformation. (Physically, it is precisely properties of this sort that are under-
lying the recent discussions on the so-called analog models of general relativity;
cf., for instance, the papers of Leonhardt and Piwnicki [7] and the conference
report in [8].)
In the following section we derive the expression for the fundamental dyad Γ,
from which the eective products of the elds can be constructed. The two scalar
Green functions, Fm and Gm, are determined. In Section 4, the electromagnetic
energy-momentum tensor µν is calculated. It is rather remarkable, as shown
by Eq. (??), how the formalism conspires so as to give a very simple result: the
components of µν reflect the presence of the medium only through a common
prefactor 1/
p
µ. In Section 5 we discuss possibilities for measurements, in
particular, how the deflection of an atomic beam in a medium-lled wedge is
influenced by the medium. Also, the formal analogy with the theory of cosmic
strings is briefly commented upon.
We put h = c = 1, and adopt electromagnetic Heaviside-Lorentz units.
2
2 DYADIC SOLUTION
Referring to the formalism developed in [1] and [2] for the vacuum elds in the
bulk, we can here be brief. We give only the basic denitions, and write down
formulas when they deviate from the vacuum case. The starting point, as always
when working with Schwinger’s source theory, is the relationship
E (x) =
∫
dx0Γ (x, x0) P (x) (1)
between the electric eld E (x) and the polarization source P (x). Here Γ (x, x0)
is the basic dyad in the formalism; its Fourier transform Γ (r, r0, ω) follows from
Γ (x, x0) =
∫ 1
−1
dω2pie−iωτΓ (r, r0, ω) , (2)
with τ = t− t0. Maxwell’s equations lead to the governing equation
rr Γ (r, r0, ω)− µω2Γ (r, r0, ω) = −µω21δ (r− r0) , (3)
where 1 is the unit dyad. It is advantageous to introduce a new dyad Γ0 which
is divergence-free,
Γ0 = Γ + 11δ (r− r0) , r  Γ0 = 0. (4)
The eective electric and magnetic eld products are (in addition to [1-4] cf.,
for instance, also [9]):
i hEi (r)Ej (r0)iω = Γ0ij (r, r0, ω) , (5)




0, ω) . (6)
Angular brackets mean quantum mechanical expectation values. These eective
products are to be inserted into the electromagnetic energy-momentum tensor
hSµνi. The spatial components of Sµν are
Sik = −EiDk −HiBk + 12δik (E D + H B) . (7)
As Γ0 is divergence-free, it can conveniently be expanded in cylindrical coordi-
nates. This implies use of the vector spherical harmonics,
Xlm (Ω) = [l (l + 1)]
−1/2 LYlm (Ω) (8)
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